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ABSTRACT

The Travelling Salesman Problem (TSP) for determining the optimal trajectory in a 
non-homogeneous space is related to the variational problem of Fermat's principle, 
which seeks the path of an optical ray in a medium. Generally, finding such an opti-
mal  trajectory  is  a  considerable  challenge,  especially  in  structures  with  a  large 
number of  emitters  randomly distributed.  To address this  problem,  we propose 
using the hybrid TSP-MMC algorithm to identify the minimum optical path S that 
connects the emitters embedded in a percolating cluster. This approach will com-
pensate for the deviations introduced by the transmission of a light beam through 
the percolation cluster, achieving an intensity distribution tailored to user needs. 
We have demonstrated that our technique can achieve solutions that improve effi-
ciency by 60% compared to optimal values for light beam optimization data. This 
technique could be applied to visualize blood vessels in both static and dynamic 
contexts, making it useful in the biological field for cellular and bacterial samples.
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RESUMEN

El problema del Agente Viajero para determinar la trayectoria óptima en un espacio 
no homogéneo está estrechamente relacionado con el problema variacional basado 
en el principio de Fermat, que busca la trayectoria de un rayo óptico dentro de un 
sólido.  Encontrar  dicha  trayectoria  óptima  representa,  en  general,  un  desafío 
significativo,  particularmente  en  estructuras  con  un  gran  número  de  emisores 
dispuestos  aleatoriamente.  Para  abordar  esta  dificultad,  proponemos  el  uso  del 
algoritmo híbrido TSP-MMC, que permite identificar la trayectoria mínima óptima 
S,  conectando  los  emisores  integrados  en  un  clúster  de  percolación.  Esto 
compensaría los desfasajes provocados por la transmisión del rayo de luz a través 
del  clúster,  ajustando  la  distribución  de  la  intensidad  lumínica  según  los 
requerimientos del usuario. Hemos demostrado que esta técnica puede mejorar la 
eficiencia  en  un  60%  en  comparación  con  los  valores  óptimos  obtenidos 
previamente para la optimización del haz de luz. En el futuro, esta metodología 
podría  aplicarse  para  la  visualización  de  vasos  sanguíneos  en  contextos  tanto 
estáticos  como  dinámicos,  siendo  de  gran  utilidad  en  estudios  biológicos  con 
muestras celulares y bacterianas.
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1. INTRODUCTION

Trajectory optimization has been crucial in 
advancing autonomous mobility by planning 
impact-free  paths,  which  is  a  key  step  for 
successful  operation.  The  author  [1], 
addressed  the  problem  of  finding  the 
optimal  trajectory  over  time  between  two 
configurations  while  avoiding  a  moving 
obstacle.  It  is  important  to  note  that  the 
natural  environment  does  not  exhibit 
smooth contours in reality; the natural world 
possesses  rugged  geometries,  as  nature  is 
inherently disorderly,  and the phenomenon 
of  percolation  can  be  observed  [2].  This 
concept  involves  the  propagation  of 
particles  of  a  hypothetical  fluid  through  a 
random  medium,  also  referred  to  as 
percolation.  It  is  simulated  in  a  grid 
representing a nanostructured material with 
pores of equal size arranged randomly with a 
specific distance. Each site in the matrix can 
be occupied by two states: conductor (1) and 
empty (0), with an occupation probability p. 
When  the  program  identifies  an  infinite 
percolation  cluster,  an  algorithm  called 
Hausdorff dimension [3]-[6] is implemented 
to  measure  the  size  of  the  percolation 
cluster. This work employs fractal geometry 
as it is most suitable for characterizing the 
grain  or  pore  boundaries  in  nanometric 
materials and for understanding the optimal 
conductivity  of  nano-emitter  systems.  The 
program optimizes the variation of Fermat's 
principle, which determines the trajectory of 
an optical  beam in a solid,  by simulating a 
homogeneous periodic system. See Figure 1. 
Several  approaches have been proposed to 
solve  the  variational  problem  of  a 
homogeneous periodic system. We consider 
the  Travelling  Salesman  Problem  (TSP)  as 
one  of  the  most  studied  optimization 
approaches.  The  TSP  involves  finding  the 
shortest path starting from an initial  point 𝑟0,  visiting  a  given  number  of  points,  and 
ending  at  a  final  point  𝑟1.  The  path  𝑆 
obviously depends on the order of visits. The 
goal is to find the minimum optical path  𝑆 
that  connects  the  emitters  embedded in  a 
percolation cluster. Figure 1 shows the light 

emitters integrated into the cluster, arranged 
according  to  Fermat's  principle  using  the 
Monte  Carlo  method  and  TSP.  Determining 
the optimal optical trajectory  𝑆 specifies the 
dominant mode of brightness, leading to the 
arrangement  of  the  closest  emitters  and 
allowing  the  study  of  the  global  collective 
properties  of  the  field.  Indeed,  a  TSP 
trajectory  visits  and  synchronizes  all 
emitters, corresponding to a closed dominant 
mode.

2.  RELATED WORK

In this work, we use the TSP algorithm and 
the Monte Carlo Method (MCM) implemented 
in Python to investigate the effects of using 
different  configurations  and  shapes  to 
optimize the trajectory of a light beam in a 
percolation  cluster.  The  average  simulation 
execution time for  the exponential  depends 
on the variation of  the considered particles 
and the type of penalty applied. To test the 
algorithm's  performance,  we  generated  30 
tests with three different probabilities (p) on 
meshes  of  sizes  50,  70,  100,  and  130  with 
random vertices. These tests were conducted 
on  a  high-performance  computer  with  an 
Intel  i7-740QM  quad-core  processor  (1.73 
GHz)  with  Turbo  Boost  up  to  2.93  GHz, 
running Genuine Windows 7 Home Premium 
64-bit. We kept the particle size constant at 1 
µm  in  our  simulations.  In  Table  1,  we  can 
observe  the  state  of  the  art.  Minh  Anh 
Nguyen  (2020)  provides  a  simple  hybrid 
heuristic  search  integrating  a  Monte  Carlo 
Tree Search method with TSP. This approach 
is applied for the efficiency and dynamism of 
unmanned  aerial  vehicles  (UAVs)  or  drones 
[8].  Zhihao  Xing  (2020)  addresses  the 
Traveling  Salesman  Problem  (TSP)  using 
Monte  Carlo  Tree  Search  and  deep  neural 
networks,  significantly  evaluating  and 
surpassing the supervised learning approach 
(Vinyals,  Fortunato,  and  Jaitly,  2015)  and 
achieving  performance  close  to 
reinforcement learning approaches (Dai et al., 
2017) [9], among other notable works.
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Table 1. Related works
Autor Problem to develop Objetive function
Freitas & 
Penna, 2020

A variable neighbor-
hood search for flying 
sidekick TSP

minimize the total 
travel time required 
to serve all customer 
locations by either 
the truck or drone

Xing, Tu & 
Xu, 2020

Solve TSP by Monte 
Carlo Tree Search and 
Deep Neural Network

maximum

Weyland, 
2013

Heuristics for the 
probabilistic TSP with 
deadlines based on 
quasi-parallel Monte 
Carlo sampling

Minimize

3. DESCRIPTION OF THE PROBLEM

Fermat's  Principle  originates  from  the 
search for a general theoretical principle to 
describe  the  phenomenon  of  refraction. 
Fermat's Principle states that the path taken 
by a ray of light between two points is the 
one that minimizes the travel time [9]-[14]. 
Using a  light  source or  beam  S that  emits 
rays which reflect off a horizontal reflective 
surface  and  reach  an  observer  located  at 
point p, we need to find the trajectory that a 
light  ray  follows  to  minimize  the  time  it 
takes. This is equivalent to finding the path 
with the minimal length. Fermat's Principle, 
known as the principle of least time or the 
optical  shortest  path,  asserts  that  the 
optimal path 𝑠 between two points r0 and r1 
corresponds  to  the  medium's  refractive 
index nr. This is illustrated in equations 1-3.

S=∫
r 0

r 1

nrds=min(1) (1)

( L )=∫
r 0

r 1

nrds=c∫
r 0

r 1
ds
v

=c∫
r 0

r 1

ds=ct (2) (2)

( L )=∫
r 0

r 1

nrds=min(3 ) (3)

We can consider that light travels from s 
to p, reflecting off the xy-plane at point m, 
where s is on the y-axis and p is in the xy-
plane.  Thus,  the  points  are  given  by 
s=(0,ys,0),  p=(xp,yp,0),  and  m=(x,0,z). 

Figure  1  illustrates  the  phenomenon  of 
refraction. The optical path found, traveling 
from s to p and reflecting at m, is: 

∆=n SM +n MP=n√x2+ y s
2+ z2+n√( x−x p )

2+ y p
2 + z2 (4)

Figure 1. Trajectory of a light ray between two points 
according to Fermat's Principle.

4. MATHEMATICAL MODEL OF THE 
TRAVELLING SALESMAN PROBLEM

The TSP mathematical model is considered 
for finding a path or Hamiltonian cycle in  G 
such  that  the  sum  of  the  edge  weights  or 
connections along the path is minimized. The 
author [7], applies the TSP algorithm to find 
the  optimal  optical  path  among  radiating 
nano-emitters.  Fermat's  Principle  is  used in 
this  context  and  implemented  through  the 
well-known  optimization  method  in  this 
mathematical model. In this work, an optimal 
trajectory  in  space  is  related  to  Fermat's 
variational  problem  and  the  Monte  Carlo 
method to determine the path of an optical 
beam in a solid.

• n be the number of cities.
• C = {1, 2,…,n} be the set of cities.
• dij represents  the  cost  or  distance  of 

traveling from city i to city j, where dij is not 
equal to dji, in general.

• xij is a binary decision variable, where:

xij={1 if the salesman travels from city i to city j
0 otherwise

(5)

In equation (6), the objective is to minimize 
the total cost of the tour.
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minimize z=∑
i=1

n

∑
j=1

n

d ij xij (6)

where  dij is the cost of traveling from city  i 
to city j, and xij indicates whether the path is 
taken or not.

Each city is visited exactly once:

∑
j=1 , j≠i

n

x ij=1 ∀ i∈C (7)

Equation  (7)  ensures  that  the  salesman 
leaves  each  city  exactly  once.  Each  city  is 
entered exactly once:

∑
i=1

n

xij=1 ∀ j∈C (8)

Equation  (8)  ensures  that  the  salesman 
enters  each  city  exactly  once.  The 
formulation  above  can  lead  to  subtours, 
where a subset of cities form a closed loop, 
which  is  not  a  valid  solution.  To  prevent 
subtours,  the  Miller-Tucker-Zemlin  (MTZ) 
subtour elimination constraints can be used. 
Introduce  additional  variables  ui for  each 
city i, which represent the position of city i 
in the tour. The constraints are:

ui−u j+n x ij≤n−1 ∀ i , j∈C , i≠ j , i≠1 (9)

In  equation  (9)  constraints  ensure  that 
subtours are not formed, and the tour is a 
single connected loop.

x ij∈{0 ,1} ∀ i , j∈C (10)

Equation (10)  constraint  enforces that  the 
decision  variable  xij is  binary,  meaning  the 
salesman either travels from city i to city j (1) 
or does not (0). In a non-homogeneous TSP, 
the  distance  matrix  dij is  not  symmetric, 
meaning dij is not equals to dji, and the goal is 
to find the least-cost Hamiltonian cycle that 
visits each city exactly once. The problem is 
formulated  using  binary  decision  variables, 
constraints ensuring that each city is visited 
and  left  exactly  once,  and  subtour 

elimination constraints to avoid disconnected 
tours.

5. MONTE CARLO OPTIMIZATION 
ALGORITHM AND THE TSP

In  this  article,  the  Monte  Carlo  method 
establishes  various  scenarios  to  determine 
the  optimization  of  particles  within  a 
percolation cluster. The goal is to evaluate the 
situation of a population composed solely of 
nanostructures. By applying the Monte Carlo 
method, it is possible to assess this property 
by sampling a specified number of cases from 
such  a  distribution  within  a  neighborhood 
structure  using  the  TSP  algorithm  and 
estimate  the  shortest  path  within  the 
percolation cluster. 

if nano emitters < threshold then
    for k = 1, 2, ..., global iter do
        - Construct the interaction neighborhood of each nanostructure
        - Define the positive or negative penalty
        - Calculate the system's potential energy U
        for J = 1, 2, ..., global iter do
            - Randomly select a particle ν_i
            - Apply a random displacement to the selected particle
            - Calculate the new potential energy of the system U_i
            - Calculate ΔU = U_i - U
            - Calculate the new potential energy of the system
            - Return (Estimation in sampling, Variance/points in the region)
            if ΔU < 0 then
                - Accept the transition
            else
                - Randomly pick α ∈ [0, 1]
                if [haz_light > ΔU] then
                    - Accept the transition
                else
                    - Reject the state transition
                end if
            end if
        end for
    end for
end

6.  NON-HOMOGENEOUS TSP

Objective Function. In its simplest form, the 
problem considers S as the total length of the 
path:

S ≡∑
i=1

N

√ ( xi−xi+1 )
2
+ ( y i− y i+1 )

2 (11)

With  the  understanding  that  point  N+1 is 
identified with point 1,  we can now add the 
following  additional  feature  related  to  the 
non-homogeneity of the system. In this case, 

4
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we assign each atom a parameter μi=+1 if it is 
outside  the  non-homogeneity  and  μi=−1 if 
the  atom  is  within  the  non-homogeneity, 
and define the objective function as:

S=∑
i=1

N

[√ ( xi−xi+1 )2+ ( y i− y i+1 )2+ λ ( μi−μi+1 )2 ] (12)

where 𝜆 = g * n, with n being the refractive 
index of  inhomogeneity  and  g a  normative 
constant,  typically  g=1.  The  value  of  n is 
positive  for  normal  materials  and  negative 
for  metamaterials.  Therefore,  any 
inhomogeneity  intersection  is  subject  to  a 
penalty of  4n.  The algorithm now finds the 
shortest  path  that  avoids  (or  prefers)  the 
intersections of the boundaries. The trade-
off between path length and intersection of 
discontinuities is determined by our choice 
of n. The following program, which uses the 
Metropolis  algorithm,  shows  the  main 
results of our approach.

7. EXPERIMENTAL RESULTS

The algorithm controls the propagation of 
light and achieves focusing through a space 
for a given number of light beams efficiently 
using  the  TSP-MMC  simulation.  The 
optimization  criterion  for  a  light  beam  is 
based on evaluating intensity using Fermat's 
principle,  with  the  optimal  solution  being 
the  one  that  provides  the  maximum 
intensity  in  the  region  of  interest  while 
incorporating a penalty in the system. After 
optimizing  each  light  beam,  the  optimal 
phase distribution is determined, as shown 
in Figures 2, 3, through to Figure 8.

Figures  2  and  3  show  the  comparison  of 
optimal  path  lengths  with  and  without  a 
penalty  set  in  the  simulation,  considering 
the  presence  and  absence  of  obstacles.  In 
general,  it  is  observed  that  paths  with 
obstacles  tend  to  be  longer  than  paths 
without  obstacles,  as  the  traveler  must 
detour  around  obstacles  to  minimize  the 
total distance. 

Figure 2. penal=0.

Figure 3. penal=0.2.

When  a  positive  penalty  is  set  in  the 
program, the light  beam traverses the NNN 
number of cities, which in this case represent 
atoms. The penalty represents an obstacle in 
the simulation, illustrated in red, to account 
for  the  light  beam  interacting  with  the 
material.  The  variable  path  represents  the 
path length in the TSP, while the variable rr = 
0.25  represents  the  size  of  the  obstacles. 
Figure 4 shows a simulation with a negative 
penalty, where the light beam's trajectory is 
depicted  in  blue  and  the  obstacles  in  red, 
within  a  non-homogeneous  system.  The 
trend is for the optimal path for the traveler 
to avoid these obstacles, as shown in Figure 5. 
This is consistent with Fermat's principle, as 
light  also  tends  to  avoid  obstacles  to 
minimize travel time.

Depending on the distribution and shape of 
the obstacles, the optimal paths identified by 
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the  algorithm  may  exhibit  interesting 
patterns.  Loops  can  form  around  large 
obstacles,  as  illustrated in  Figure  7,  or  the 
path  direction  may  experience  abrupt 
changes  to  navigate  around  narrow 
obstacles, as shown in Figure 6.

Figure 4. Penalty=-0.15 in the 2x2 system.

Figure 5. Penalty=0.15 in the 2x2 system.

Figure 6. Penalty=-0.05.

Figure 7. Penalty=0.05

The  presence  of  obstacles  with  a  positive 
penalty  increases  the  path  length  in  the 
optimal route. This is because the algorithm 
must  consider  more  possibilities  and 
compute  more  complex  routes  around  the 
obstacles, as shown in Figure 8. The specific 
results  will  depend  on  factors  such  as  the 
distribution of the obstacles, the penalty, and 
initial  conditions like (Ncity),  as  depicted in 
Figure 9. 

Figure 8. Path with 1x1, 2x2 and 3x3 obstacles with 
penalty values between 0.20 and -0.05.

The  implementation  of  the  sequential 
algorithm in  Python allowed for  a  series  of 
tests  with  different  matrix  sizes,  optimizing 
intensity  in  various  regions  of  the  material 
while  controlling  light  propagation  through 
the  material  and  optimizing  different 
intensity  distributions  using  Fermat's 
principle.  Figure  4  shows  that  a  simulation 
without  a  penalty  reveals  no  red  points 
representing the light beam penetrating the 

6
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material. The simulation randomly generates 
the light beam representation, and as shown 
in Figures 1 and 3, it optimizes the best path 
through the porous material. 

Figure 9. Execution times in simulations with 1x1, 2x2 
and 3x3 obstacles with penalty values between 0.20 

and -0.05.

Figure  2  also  shows  that  the  TSP-MMC 
algorithm  simulation  randomly  generates 
more  than  four  visible  light  beam 
possibilities, finding optimal paths to visit all 
existing light beams. 

Figure  6  demonstrates  that  when  the 
algorithm  achieves  the  Traveling  Salesman 
Problem optimization  near  the  nanometric 
material, it confirms Fermat’s theory and the 
method applied in this article. The KEY axis 
indicates the existence of a beam of light in a 
1x1, 2x2, and 3x3 matrix. The optimization of 
the gaps in porous silicon in a homogeneous 
system is achieved with a penalty of 2x2 and 
3x3 with a probability of p=0.05 to  p=0.3 in 
pink and gray colors. The worst data found 
are with a probability of 0.1 for all penalties." 
The  algorithm  controls  the  spread  of  the 
light beam and allows to focus on a specific 
number of beams efficiently. 

The  optimization  criterion  is  based  on 
evaluating  the  intensity  according  to  the 
Fermat  principle,  and  the  results  show  an 
improvement  in  the  optical  path  by 
introducing  penalties  into  the  system. 
Experiments performed with different mesh 
sizes confirm the validity of the model.

8. CONCLUSIONS

It  is  concluded  that  the  method  used  is 
effective in validating Fermat's principle. This 
is  achieved  through  the  application  of  a 
heuristic  algorithm  for  the  TSP  and  the 
Monte  Carlo  Method  (MCM),  which  deliver 
high-quality solutions. This study examined a 
porous  structure  functioning  as  a  filter, 
known as a percolation cluster. By simulating 
nano  emitters  randomly  placed  within  this 
cluster, the primary goal was to identify the 
optimal  optical  path  between the  irradiated 
nano  emitters  to  verify  Fermat's  principle. 
The TSP algorithm was utilized to determine 
the  shortest  path  that  a  laser  beam  would 
take  through the  porous  structure  between 
two  points,  aiming  to  traverse  the  entire 
structure and find the minimum optimal path. 
The findings confirm that Fermat's principle 
can be simulated effectively using a heuristic 
algorithm.

Table 1 presents implementations by various 
authors and demonstrates that our algorithm 
achieves 60% of the optimal values for data in 
optimizing  the  Traveling  Salesman  Problem 
and  the  Monte  Carlo  Method,  validating  it 
with  Fermat's  principle  theory  for  each 
matrix that filters the light beam.
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